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A Variable Phase Velocity Traveling Wave Pump
CuariLes W. HALpEMAN, * JouN P. SurLivan, aND EuGeNE E. Coverti
- Massachusetts Institute of Technology, Cambridge, Mass.
Results of analytical and experimental studies of an electrodeless, alternating-current
plasma accelerator, the traveling wave pump, are presented. A coil assembly that produces a
variable phase velocity and eliminates end effects is used. Data is presented indicating
supersonic acceleration of argon plasma in qualitative agreement with the mathematical
model.
Nomenclature K,.(z) = modified Bessel function of the second kind of order n
and argument (z)
r,8,2 = circular cylindrical coordinates k = wave number
As = azimuthal component of vector potential kn = M/R
dr,de,4: = unit vectors L = inductance per unit length, length
a = gpeed of sound M = Mach Number
B = magnetic flux density M, = initial Mach Number
Beis = effective amplitude of magnetic flux density; 0.5- N = number of turns per unit length on exciting coil
(NI (kre) K 2(kro) [ Ii2(kro) — Lo(kro)l2(kro)] = Bets? P = pressure
C = capacitance per unit length Py = isentropic stagnation pressure
E = electric field R = radius of channel, resistance
G = Green’s function T = temperature
I = current per turn in exciting coil ¢ = time
I.(z) = modified Bessel function of the first kind of order » and u = velocity
argument (x) 7 = time averaged component of velocity
J = current density Uo = initial velocity
Jn(x) = Bessel function of the first kind of order » and argu- u’ = unsteady component of velocity
ment (z) Vo = phase velocity of magnetic wave V, = w/k(z)
K = current sheet intensity 2 = axial position (m)
Y = ratio of specific heats
S — . . Aa = nth root of Jo(z) = 0
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@ = angular frequency
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Introduction

N the classic rocket or wind-tunnel propulsion system, the
enthalpy of the working fluid is converted to velocity (or
Mach number) by an adiabatic expansion through a deLaval
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Fig. 1 Diagram of plasma source and accelerator setup.

nozzle. Clearly, as a higher velocity or Mach Number is
desired, the initial pressure and enthalpy become higher,
giving rise to a number of problems which have limited the
attainable Mach number. One alternate process is the use
of the Lorentz body force (J X B) for this purpose. This
force may be developed using direct currents and steady
fields, or by using alternating currents. The latter alterna-
tive has been selected for these studies. It was shown
initially? that a traveling wave current sheet in a conductor
surrounding a gas could drive the gas. Subsequently it was
shown? that, on the average, the traveling wave machine was
comparable to the direct current machine whose characteristic
speed is E/B. Indeed the critical points in the flow discussed
by Sears and Ressler? and the effects of viscosity discussed by
Dahlberg* can be identified at once in the traveling wave ma-
chine. The results from Sears and Ressler and from Dahlberg
indicate the possibility of increasing the velocity by this
means. For wind-tunnel use, it is desirable to increase the
Mach Number simultaneously, a more difficult goal because
I?R losses in the accelerating gas tend to increase its tempera-
ture and hence reduce Mach number. Prévious theoretical
results!~* show circumstances where the Mach number and
velocity are simultaneously increased.

The purpose here is to describe an experimental arrange-
ment, (shown in Fig. 1) including a 42mHz plasma source® and
a variable phase velocity$ end shielded accelerator coil,® and
to present experimental results indicating significant increase
in observed Mach number not incompatible with theoretical
predictions. These results at supersonic Mach numbers ex-
tend earlier results” at subsonic Mach Numbers.

Mathematical Model

The simplicity of a one-dimensional model in the pre-
liminary analysis'~* suggests its continued use. The one-
dimensional equations of motion are: (the magnetic forcing
terms for an accelerator with variable phase velocity are de-
rived in the Appendix)

0p/0t + udp/dz + pdu/dz = 0

§In an acceleration device where the phase velocity V, is
constant along the channel, the gas can be accelerated only to a
velocity approaching V, since at this point the J X B force will
equal zero. At first this does not seem to be a large restriction,
but examination of the power addition reveals that the accelera-
tion that can be achieved is limited. For example, under the
assumption of scalar conductivity, the power added to the gas is
given by E-J = J?/¢ 4+ u-J X B, where J?/o represents heat
addition and u-J X B represents direct energy addition. To add
mostly kinetic energy, (u-J X B)/E-J, should be close to 1.
However, for an idealized process where u is axial and uniform.
the ratio of (u-J X B)/E-J = u/V,. Thus if u/V, at the inlet
is equal to 0.8, the velocity can only be increased by 209,. How-
ever, if V, is increased along the channcl, the change in gas
velocity seems limited only by the power available.
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Assuming there is a solution consisting of a steady mean flow
plus a small time varying flow, i.e., let 4(z,t) = @(x) + u'(z,t)
ete., the zero-order time averaged equations become
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Equations (1) and (2) are the same as those derived by
Resler and Sears® with V, = E/B and B¢ = B, and in
general must be integrated numerically. However, if u/V,
is a function of Mach number only, then Egs. (1) and (2) can
be integrated exactly. In three cases of interest, w/V, is
such a function and exact relations can be found.? These are
maximum P, (isentropic stagnation pressure) increase, maxi-
mum Mach number increase and constant temperature.
These solutions illustrate the very important fact that the
thermodynamic process in the accelerator can be controlled
by prescribing the axial distribution of phase velocity.

The function u/V, that leads to the maximum increase in
P, is found by setting d/d{u/V,)(dPy/dz) = 0. Straight-
forward manipulation gives the solution

w/Vy, = 1/{1 + [1/(y — DM?1}
ufug = (M/Mo)? = [E/(v — DM?] + 1
Vo/ue = &/(y — DMoe® + [1 + (v — DM®]/(y — DM?

where £ is the integrated interaction length.

The other cases have been treated in a similar manner.
The results are shown in Figs. 2and 3. The maximum P, case
was chosen as the basis for initial experiments since the energy
added per unit length is greatest, thus reducing the length
of the device, while the Mach numbers obtainable are within
49, (at least up to M = 10) of the maximum Mach Number
case. Further, if the interaction parameter oB.:%/pu is
constant, the phase velocity V', is a linear function of distance
along the accelerator z. This simplifies the construction of
the coil assembly for the accelerator.

The solution of the first-order equations under the WKBJ
approximation that (V,)~! dV,/dz is small (slowly varying
wave speed) suggests the approximate solution fails near

u=V,%xa

where a is the local speed of sound.®~1 In any event, use of
an accelerating wave allows one to control the difference in
velocities and so avoid this condition.

Coil System

Having selected the maximum P, process which implies a
linearly increasing phase velocity (Fig. 2), the next step is the
design of a coil assembly to give the required fields. The coils
will be used as a slow transmission line® rather than as a poly-
phase system. A polyphase system has been used by See-
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mann, et al.” A Fourier analysis of their three-phase coil
system!® shows the strong effects of harmonics, which are
difficult to eliminate.¥

A transmission line terminated in its characteristic im-
pedance, or operating in the ring mode (see below) produces
a wave traveling with a phase velocity V, = (LC) =%, where
L is the inductance per unit length and C is the capacitance
per unit length. By varying L and C with length, the phase
velocity can be varied. 'The inductance is varied by changing
the number of turns of the individual coils; the capacitance
being varied by simply changing the value of the external
capacitors.

Slow transmission line coil systems have been under study
since the early work on the accelerator!; however, until the
present paper, the theoretical work dealt with infinitely long,
constant phase velocity models with and without magnetic
core structures.t%12  Calculation of the inductance of such a
long, slow wave structure was performed by energy methods
using the magnetic fields for the infinite length case. Use of
this value for the inductance accurately reproduced the ex-
perimentally observed dependence of V, (phase velocity) on
kRo, however, the measured phase velocity of the structure
was always higher than the calculated value even when
measured far from the ends on long (L/D = 20) models.
This effect was observed for both distributed energy storage
coils with built in distributed capacitance and lumped pa-
rameter circuits with external capacitance which ranged in
phase velocity from 60,000 to 2000 m per sec.

For a multiple coil array like the present accelerator coil
system, the most accurate approach would be to include all
self and mutual inductances for the 22 coil array leading to a
22 X 22 matrix. Solution of this theoretical system should
yield accurate phase velocity as well as terminal properties
and reduce the need for eut and try tuning to achieve the
desired operating mode.

Since time did not permit solution of this analytical model,
the coil turns distribution was determined from the required

" coil inductance for a long slow wave coil. 12

It has been found®!4 that in order to produce a wave of
variable velocity, the ratio L/C must be maintained constant
along the coil, i.e., constant characteristic impedance.

MAX. MAGH NO. —

Fig. 2 u/uo and

Vo/uo £ = f
(B2 /pu)ds.

u/ug ,Vp/Uo

u/uo

———=Vp/ua
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3

T Because of an error in this and earlier dated references, the
reportefi conductivities should be halved, i.e., where (uNI)*/4
oceurs it should be (uNI)?/2. References 6, 10 and 14 are cor-
rect.
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Because high magnetic energy densities are required to
achieve the magnetic field levels useful for plasma accelera-
tion, a considerable effort has been devoted to the construc-
tion of high-power, low-loss coils for the accelerator. The
design selected for the acceleration coils is shown in Fig. 4.
A series of “pancake”’-type coils, rather than a thicker coil,
was chosen to obtain the smallest practical coil length com-
pared to the wavelength of the traveling magnetic wave.
Earlier experiments® !4 had indicated that for a series of coils
and capacitors to behave like a slow transmission line elec-
trically, and at the same time produce a smooth magnetic
field inside the coil array, individual coil length must be small
compared to both the wavelength of the traveling field and the
coil inside diameter.

Special techniques for constructing high-power coils have
been developed using very fine Litz cable with internal cooling.
Peak quality factors (wL/R) for single pancakes ranged from
600 to 1200. These coils using nylon cooling tubes have been
operated at 400 amp rms (240,000 amp turns per meter) at
30ke using 200 psi tap water for cooling. A sample coil with
the internal cooling channel enlarged by chemically removing
the tube wall was operated at 1040 amp (625,000 amp turns
per meter equivalent).

Figure 5 shows the final design of the coil assembly. It
consists of twenty-two** coils ranging from 10 to 5 turns.
The turns are distributed to give a phase velocity that approxi-
mates a linear increase along the channel. In the traveling
wave region, the phase velocity is given by

Vo/Ve: = 3(2/0.266) + 1

where z is in meters and V,; is the phase velocity at the inlet
and is varied by changing the over-all capacitance level of the
system. It should be noted that with additional coils, a
phase velocity variation corresponding to either the maximum
Mach number or constant temperature case could be produced
without difficulty.

An electrical schematic for the coil system operating in the
ring mode is shown in Fig. 1. The connection point to insure
a traveling mode on the accelerator was found by a trial and
error process. Choosing the proper point of excitation on the
coil, adjusting a variometer at the inlet end, and “trimming”
the capacitors on the accelerator resulted in the desired travel-
ing mode. The relative field amplitude and phase (relative
to fixed reference) of a pickup coil traversed along the coil axis
is shown in Fig. 6. The phase velocity calculated from this
phase measurement is shown in Fig. 7. The difference be-
tween the actual phase velocity and the linearly increasing

** Pocause of a shortage of high-power capacitors, the high-
power experiments were carried out with only 20 coils.
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Fig. 4 Sample high-power coil winding geometry using
0.300 diam 12,000/46 Litz cable.

design phase velocity is a result of the long coil inductance
used to design the coils. By reducing the inductance (i.e.,
number of turns) of the coils near the center of the system,
this effect can be overcome. The experimental measure-
ments, Fig. 7, indicate that V, is extremely large in the inlet
region. In fact, there is a standing wave (V, = «) about
one-half of a diameter upstream of the first coil. This causes
u/Vp— 0, which implies excessive joule heating. To prevent
this, a copper shield is placed between the end coils and the
plasma to shield the plasma from the fringing field. The
effectiveness of this shield is shown in Fig. 6. The copper
shield seems to be a simpler way of eliminating end effect than
construction of the two-coil shading system described by
Fanucei and Jester.?

Description of the Experiment

The basic equipment (shown in Fig. 1) consists of the RF
plasma source (operated at a frequency of 42mHz), a nozzle,
the traveling wave pump (operating at a frequency of 34KHz),
a test chamber, diffuser and vacuum system. The plasma
flow channel is formed by a silicone oil cooled quartz DeLaval
nozzle in the plasma source region connecting to the 3.2-in.
constant diametertt water-cooled quartz aceelerator section.

The available mmstrumentation includes Stokes-McLeod
vacuum gauges (P,,P;,P,), a Wallace and Tiernan dial manom-

11 The constant diameter channel was not chosen arbitrarily,
but as an engineering compromise at the optimum configuration.
Because the radial distribution of the volume force is nonuni-
form, F, « I;?(kr) as well as periodic! the boundary-layer problem
is difficult; however, at the large Hartmann numbers and moder-
ately small magnetic Reynolds numbers encountered in realistic
accelerators, the boundary layers should be thin and slowly
changing in the accelerator region. Also, numerical calculations
using the one dimensional model®: 1% including viscosity indicate
that the control of the thermodynamic process is more effective
with variable phase velocity than with variable area.
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eter, 0-20 Torr (Py), and a CVC pressure gauge, 0-300 Torr
(Ps). (The location of pressure taps is shown in Fig. 1.) In
addition to pressures, the mass flow and temperature rise of
cooling water for the plasma tube and silicone fluid for the
plasma source nozzle were measured using variable area flow
meters and ten junction thermopiles.

Electrical variables were measured with the power supply
panel meters and Tektronix 502 oscilliscopes. The frequency
of operation was continuously displayed on a digital frequency
counter. Mass flow of argon through the system was metered
with a Fischer-Porter “Flowrator” and high-sensitivity pres-
sure gauge.

During experimental operation, the flow of argon was first
established at the desired rate. The RF plasma source was
then brought up to the desired power level and adjusted for
stable operation and best plasma condition. After about 5
min to stabilize the temperature readings, a set of data was
recorded. This process required about another 5 min. The
accelerator was then brought up to the desired power level
and after another period of about 5 min readings were again
taken. The reduced data obtained from these initial runs of
the accelerator are given in Table 1. Since information about
the composition of the plasma was not available, the pressure
data has been reduced assuming v = 1.2 and 1.67. These
two results are tabulated in Table I thus bracketing the true
value of v which must lie somewhere in between.

The one-dimensional model? was extended to include vari-
able phase velocity, viscosity, heat transfer and equilibrium
real gas properties. A:computer program was written to solve
these equations numerically.

The local magnetic forcing functions used in these calcula-
tions were obtained from the expressions for an infinitely long
constant phase velocity accelerator previously developed?6.8.13
and programed, recomputing them using the appropriate
phase velocity and excitation at each axial station in the
integration.

This procedure was used since application of the analysis
in the appendix!* to the present geometry and frequency indi-
cated an error of only a few percent in so doing. The ap-
proximate equations thus obtained made calculation more
simple. Thus the model having p = o outside the coil was
used to compare the approximate and exact calculation tech-
niques, but 4 = o was used in the caleulations corresponding
to experiment.

Assuming 1100 BTU/Ib as a value for the enthalpy leaving
the plasma source (representative of the accelerator off con-
dition), a temperature of 5000°K can be found from the
Mollier chart for argon.® Velocities were chosen by bracket-
ing the value obtained using the measured mass flow and con-
tinuity. An inlet pressure of 1.6 Torr, inlet velocities of
2000-1550 m per sec, and inlet temperatures from 5000 to
7500°K were used as initial conditions for the computer pro-
gram. Because of the uncertainty in flow properties and the
differences between the equilibrium model and the actual
nonequilibrium situation, a wide range of values was tried.
The computed results which most closely approximated the
observed values are shown-in. Figs. 8-10. The measured
pressures and Mach numbers are also shown. The phase
velocity curve in Fig. 8 was used in all computer runs and is a
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Tablel Preliminary accelerator operating data
Run numbers He8 H69 H70 H71 oH72 «H74 sH75 *H76 oH77 aH78

(1073 1b/sec) Mass flow

(argon) A4 3.4 3.4 3.4 3.4 3.6 3.6 3.4 3.4 3.4
Plate voltage? 7900 7950 7930 7950 7950 7850 7850 7850 7850 7830
Plant current? 1.3 1.5 1.5 1.5 1.5 1.8 1.8 1.8 1.8 1.8
Helix and nozzle loss

BTU /sec? 2.23 4.46 5.95 5.15 5.59 1.98 5.64 2.60 4.0 6.3
Estimated plate

dissipation kw? 5.9 6.4 6.4 6.4 6.4 7.3 7.3 7.8 7.8 7.8
Estimated he BTU/lbe 690 397 —~48 196 67 1450 426 1180 732 78
P; Torr 10.5 13.5 13.5 12.5 11.0 13.0 15.5
P, Torr 3.0 3.3 3.7 5.0 3.4 3.5 5.7 3.3 5.3 3.7
P, Torr 1.6 1.6 1.6 3.8 1.6 1.0 2.7 1.1 2.7 1.4
M; (y = 1.67) 0.97 1.0 1.10 0.58 1.05 1.44 1.04 1.30 0.96 1.2
M; (v = 1.2) 1.05 1.14 1.24 0.67 1.17 1.60 1.15 1.47 1.10 1.35
P; Torr 2.8 2.8 3.3 4.8 2.9 2.8 4.5 2.8 3.9 2.8
P, Torr 1.9 2.0 1.8 1.6 1.6 1.4 1.4 1.6 1.6 1:6
M, (v = 1.67) 0.70 0.65 0.91 1.30 0.89 0.97 1.35 0.83 1.13 0.83
My (y = 1.2) 0.79 0.76 1.03 1.47 1.02 1.14 1.54 0.99 1.29 0.99
Acceleration coil ring

current amps rms 0 0 132 213 0 0 220 0 211 0
Coupling current

amp rms 25.0 42.0 46.0 43.0
Plate voltage? 12kv 11kv 11.0 .. 10.1
Plate current? e 4.6 4.8 ... 4.4
Ampere turns/meter .

at accelerator inlet 79,000 128,000 132,000 126,000
Downstream water

jacket heat transfer

BTU/sec 0.46 0.82 1.87 12.0 0.48 13.0 0.57 11.0 1.8

% Small water leak at downstream end of accelerator channel.
b Plasma source section.

¢ At plasma source exit.

4 Accelerator power supply.

best fit to the phase velocity measured on the accelerator with
the high power amplifier at 50 amp rms.

The magnetic fields actually present in the accelerator can
be calculated from the exciting current and the equations
developed for the fields in the accelerator (Ref. 12, p. 37).

For Run 71, the approximate field amplitudes in Gauss are
given below in Table 2.

It is interesting to note that from the impact pressure data,
the accelerator outlet Mach number increased with accelerator
power while the inlet Mach number decreased. The increase
in downstream Mach number is in the expected direction.
Apparently the fringing currents upstream of the inlet heat
the flow and lower the inlet Mach number.

Because the limited instrumentation available did not per-
mit measurement of all the properties of the plasma, a direct
comparison with the predictions of the one-dimensional model
cannot be made, however, the results show conclusively that
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Fig. 6 Amplitude vs distance with copper shield.

large energy addition to a supersonic flow is possible while
increasing Mach number and total pressure. There appears
to be no effect which can account for the large observed in-
creases in impact pressure P; and impact to static pressure
ratio, P;/P,in Runs H70, 71, 75, and 77 of Table 1, other than
the operation of the accelerator in the anticipated mode of
supersonic acceleration.

Considering the many simplifications of the theory and the
searcity of available data points, the agreement is considered
reasonable. Clearly more data for a wider range of operating
parameters is required for complete verification of the one-
dimensional theory.

Conclusions

Limitations of the available power supply for the accelerator
limited a magnetic excitation to 130,000 amp turns per meter.
However, at this level the Mach number at the accelerator
outlet was increased from 0.75 without accelerator power to
1.5 with accelerator power. These results demonstrate the
feasibility of coupling strongly to a gaseous plasma with a
traveling magnetic field to inerease both Mach Number and
total pressure at supersonie velocities.

3
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Fig.7 Phase velocity vs axial position for first order mode
from bench test.
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Fig. 8 Velocity vs axial position.

These results also indicate that the performance predicted
in the earlier calculations is realistic or conservative, rather
than over-optimistic with respect to over-all interaction.

The measured interaction is of the size and direction pre-
dicted by the one-dimensional variable phase velocity model
developed for the fluid mechanic processes, giving credence to
the calculations of performance using the model at the higher
magnetic excitations required for high Mach number flight
simulation.

Appendix A: Calculation of the Vector Potential
for a Finite Length Accelerator with
Variable Phase Velocity

A cross section of the simplified model of the accelerator is
shown in Fig. 11. (This is the same model used by Jester and
Fanucci for constant phase velocity. )

Region 2, extending from 0 < z < L is the region of the
applied current sheet and Regions 1 and 3 are the inlet and
outlet regions. In order to simplify the algebra, the ac-
celerator is assumed to be surrounded by a material of infinite
permeability (u = ). The assumption implies that the
strength of the field will be overestimated; however, the form
of the fields will be the same. Thus the importance of the
velocity gradient and end effect can be estimated from this
model.

The effect, of the exciting winding which is co-axial with the
tube, for 0 < 2z < L (Region 2) and produces the traveling
magnetic field is approximated by a purely aximuthal current
sheet of radius B and intensity N (z)I surrounding the tube.
The current sheet which is traveling in the +z direction, has
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Fig. 9 Static pressure vs axial position.
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the form

K = 4N (z)IRe[ei[f 0 k(z)dz_m]] (A1)

The local phase velocity is then V, = w/k(2).

Under the assumption that the plasma does not affect the
applied field, (small magnetic Reynolds number) the vector
potential will have only an ds component Ag that must satisfy
(also assuming a harmonic time dependence)

V2A4(r,z) — (1/r?)Ap(r,2) = 0 (A2)

with boundary conditions

1d
pn (rdg)

_ JuN@®I expif 0 kB <z<L
r=R 0 2<0,2>L
(A3)

Asz— + o Ay(r,z) > 0; and 4g must be bounded atr = 0.

The aforementioned differential equation and boundary
conditions can be solved by use of a Green’s function.’” The
Green’s function is found to be

i Jl()\nTo/R)Jl()\nT/R)
n=1 R2[J1()\n) ]2kn

G(r,2;r0,20) =
i Ji(\aro/R)J1(\ar/R)
n=1  R2[Ji(\) %k

eknlz—zg) g 2o

e kn(e—2) 2 > 20

(A4)

where ry, 2o is the source point.

Ag(r,z,t) is found by integrating G(r,z;ry,20) over the bound-
ary. With the current sheet of Eq. (Al), the computation
will involve integrals of the form

—hazoti f 2 RGYGE

integral = f N(z) exp dz (A5)

Successive integration by parts gives

—knsotif & R
N () exp soti f & R@)d

integral = —Fn =+ 1k (20) X

(1 _ [k 4 k@IL/N o) dN/dzo — i dlifdee )
' (=kn + h(20))? o

(A6)

Table2 Approximate magnetic field amplitudes in Gauss
for RUN H-71 (128000 at/m)

Inlet Exit
Bz(wall) 390 260
B,(r=0) 120 220
Br(wall)a 300 100

® Byir=0) = 0.
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Fig. 11 Simplified aceelerator cross section.

Only the first term of this series will be retained, since N (2)
and k(2) are slowly varying functions of z. For a typical case

kR =2 L/R =10 d(R)/d(/L) = —3%
d(N/No)/de/L) = =% N/No =%

[/NGUNGY/d L L 1 dWV/N) _ o
[~k + k()] kR L/R N/N, d@/I)
(A7)
dkfdy 1 1 dkR) _ oo

[~k + kG)1*  (kR)? L/R d(z/L)

With these approximations, the vector potential A4(r,z)
becomes

Region 1

_ s (uDJiOnr/R) [ [en — $k(0) IN(0)
Ao(r2) = ,El R[J1(\) 1k ’ k% 4 £2(0)

p —knz __

Lk%ki(]iv)(m eXp_kn(L~z) eXptfé k(é)ds} (A8)
Region 2
Ao(r,) = N@ILkEr]  ifE wede

T k@IL[k@R]

> WDIO/R) [k~ kOQ)INO)
P RNk l P

kn ‘k L 1 L .
) N oD exp'o ’“M} (49)
Region 3
— = @DHO/R) [ ke — h(0)IN(0)
Ag(r,2) ’Z:I TR OW { ko - B%(0) X
exp ke — U}Z‘zi ’;ckzgg] exp —kn(5—L) eXp"f(% k@)dil
(A10)

In evaluating 44(r,z) in Region 2, the fact that

Lifk(2)r] _ i 2J1(\r/R)
k@Ik@R]  a=1 R[Ji(A) [kn? - K2(2) ]
was used to compute the first term. The fringing terms are

eliminated by shielding as just explained. So, Ag(r,2t) in
Region 2 is

NG iff e
AR = k@R P

(A11)

(A12)
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and the magnetic and electric fields are zero in Regions 1 and
3. With k() = const, this reduces to previous results.1,2,10
The magnetic forcing terms J X B and E-J are easily calcu-
lated from the real part of the vector potential Ae(r,z). For
models with L/R > 10, no/n. > %, and inlet shielding % can be
replaced by k(z) and n by N(2), in the earlier results with an
error of only a few percent.
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